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261. 


ON THE CONIC OF FIVE-POINTIC CONTACT AT ANY POINT 
OF A PLANE CURVE. 


From the Philosophical Transactions of the Royal Society of London, vol. CXLIX. (for the 
p 
year 1859), pp. 371—400. Received March 1,—Read March 24, 1859.] 


THE tangent is a line passing through two consecutive points of a plane curve, 
and we may in like manner consider the conic which passes through five consecutive 
points of a plane curve; and as there are certain singular points, viz. the points of 
inflexion where three MB) points of the curve lie in a line, so there are 
singular points where six consecutive points of the curve lie in a conic. In the 
particular case where the given curve is a cubic, the last-mentioned species of singular 
points have been considered by Pliicker and Steiner, and in the same particular case, 
the theory of the conic of five-pointic contact has recently been established by Mr Salmon. 
But the general case, where the curve is of any order whatever, has not so far as 
I am aware been hitherto considered ;—the establishment of this theory is the object 
of the present memoir. 


I. Investigation of the Equation of the Conic of Five-pointic Contact. 


1. I take (X, Y, Z) as current coordinates, and I represent the equation of the 
given curve by . 
T=(« UX, Y, Zy^—0. 
Let (x, y, z) be the coordinates of a given point on the curve, and let U=(« (o, y, z)" 
be what T becomes when (a, y, z) are written in the place of (X, Y, Z); we have 
therefore U — 0 as a condition satisfied by the coordinates of the point in question. 
2. Write for shortness 
D U =(Xð; + Yo, + Zo;) U, 
D?U =(X0, + Yo, + Zo;y U, 


and let T=aX --bY --cZ — 0 be the equation of a line. It is easy to see that 
DU —Il. DU =0 
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will be the equation of a conic having an ordinary (two-pointic) contact with the curve 
at the point (z, y, z) In fact the equation DU =0 is that of the tangent at the point 
in question, and the equation D:U=0 is that of the penultimate polar (or polar conic) 
of the point, which conic is touched by the tangent; the assumed equation represents 
therefore a conic having an ordinary (two-pointic) contact with the polar conic, and 
therefore with the curve. It may be added that the two conics intersect besides in 
a pair of points, and that the line joining these, or common chord of the two conics, 
is the line represented by the equation II — 0; and this being so, the constants (a, b, c) 
of the line II—0 can be so determined as to give rise to a five-pointic contact. 

3. Consider the coordinates of a point of the curve as functions of a single 
variable parameter; then for the present purpose the coordinates of a point consecutive 
to (x, y, z) may be taken to be 

z+ da 4- 4 d?z 4- 4 d?z + 3 da, 

y t dy +4 dy +4 d'y + oi d'y, 

z t dz cd d'z - d d*z 4 4; d'z, 
values which, substituted for X, Y, Z, must satisfy the equations 

T=0, D'U-II.DU -0. 


4. I write for shortness 


0,=d 20, 4- dy 9, 4- d 20,, 
0, = da 0, + dy 0, + dz 0z, 
0, = dx 0, + LY 0, + d?z 0z, 
0, = dz 0, + d'y 0, + d'z 0z, 
then the consecutive value of T is 
exp. (0, + 4 0, -- 10, - 44 0.) U 
(Read exp. z, exponential of z, =e), which is 


= (1 +0, + 40° + 303+ 4 L-0,) } 


x (1 ast NEG \ 
x (1 
x (1 Wb 


= 1+0,+407+ 30° +40, 


) 
+ $0, zi 


+ 40; 
+10; + 40,0 
uro 
= U 
+ QU 
+} (05409) U 


+ M (0? 4- 30,0, + 03) U 
+ y (0,4 + 60,20, + 40,0, + 30? -- 0,) U, 
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the several terms of which must respectively vanish, and we have therefore 


U=0, 
0,U =(0, 
0.U = — o?U, 


3U — — (2,2 + 30,0.) U, 
3U = — (0, + 60,20, + 40,0, + 302) U. 


5. Next, preparing to substitute in the equation 
I*U-—II.DU =0, 
the consecutive value of DU is 
(e +da+4da + ids rd) 0,U + &c. 
— (0, +0, +40, +10; + 04) U, 


where 


0U = (a0, + yO, + 20;) U = mU. 
Reducing by the above results, the consecutive value of DU is 
= — 40? U — 4 (0) + 30,0,) U — 4 (0,* + 60,70, + 40,0, + 30,2) U. 


6. Hence also writing 
P=an +by cc, 
0,P =adx +bdy +cdz, 
0, P = ad? + bd?y + cd?z, 


the consecutive value of —ILDU is —(P+0,P+40,P) multiplied into the consecutive 
value of DU, and the product is 


w Po 2 
+P. 4 (084302) U +0,P.402U 
+ P. sy (05 + 60,0, + 40,0, + 302) U + 0,P . 4 (0 + 30,0.) U + 40,P.402U. 


7. The consecutive value of D*U is 


(a + da + dee + Ade + doy 0, U + &c. 


a? 

+ 2x dx 

+ ade + (do) DUNS 

4dbedu- dedu | 

+ ha d'w + Ada d'a + 1 (x)? | 

© TY, à 
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which is 
MUN: 
+ 20,0, 
+ 0: +0? U; 
+133 +33 
+ 459,0, + 30,0, + 107 


and observing that 
0? U=m(m—1) U, 


00,0= (m—1)0,U, 
00.0 = (m—1)0U, 
doU = (m—1)0,U, 
òU = (m—1)0,U, 


and reducing as before, the consecutive value of D?U is 


=— (m—2)02U 
CR i [(m — 1)0? + 3 (m — 2) 0,02] U 
— ds [(m — 1) (0,4 + 60,20.) + (m — 2) (40,0; + 30,2)] U. 


8. Substituting in the equation D?U—II.DU=0, we obtain as the conditions of 


a five-pointic contact 
-— (m — 2) o2 U + P ° 402U = 0, 


-— [(m — 1) 0j 4-3 (m —— 2) 0,0,] U +P . 4 (0? + 30,02) U -0,P. 20r US 0, 
— 4s [(m — 1) (0,4 + 60,70.) + (m — 2) (40,0, + 30,?)] U 
+ P. dy [04 + 60,20, + 40,0, + 807] U +3, P. 4 [02+ 30,0,] U + 40,P. 4020 =0; 


or reducing 


P — 2 (m — 2), 
Q9U 
aP =$ Fay 
op = p t+ 6070) U _ 0° [0 + 30,24] U 
2 0,2U 9902U 02U > 


which are the conditions of a five-pointic contact: it is to be remarked that if only 
the first and second conditions are satisfied, we have a four-pointie contact, and if only 
the first condition is satisfied, a three-pointie contact. 


9. We have to reduce the last-mentioned equations; suppose that A, B, C are 
the first derived functions of U, then the equation ð, U — 0. may be written 


Ada -- Bdy + Cdz — 0, 
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and this will be satisfied identically if 


dx=Bv — Cy, 
dy — CX — Av, 
dz =Ap— Br, 


where X, u, v are arbitrary multipliers, which may be taken to be constants. We have 
therefore 09, = D, where 


D - (Bv — Cu) dz + (Cr— Av) d, + (Ap — BX)0,. 


10. The resulting expressions for 0,°U, 0,3U, 0U may be exhibited in the reduced 
forms given by Hesse, viz. if S=Av+py+vz, we have 


a2U — P,U — Q, 9, 
3U = PU = O; Ss 
oU — P4U — Q, Eg 


where the values of P, P;, Ps; Qo Qo, Qu are as follows, viz. if (a, b, c, f, g, h) are 
the second derived functions of U, and if 


H=|a, h g | 


A 55 5 
e m 


be the Hessian; if, moreover, 


NA Au ue 
pg C 

BR, 2p DF. 

Me TQ PUN. 


be the bordered Hessian (we may also write D=(, B, ©, S, ©, HA, m, v), where 
(A, B, G, F, ©, H) are the inverse coefficients of (a, b, c, f, g, h), viz. A= (bc — f°), &e.); 
and finally, if for shortness we write 

II = 0,0 . 0,5 + 0,0 . 0,0 + 0, . 0,6, 


O 20, H. 0, + 0, H .0, -- 0, H . 0,®, 
then we have 


"m 1 
ss ay es M Qo uci P 
m 1 
P= us e. ] DỌ, E N 0 te 
E NO 2 Lom ah l Beh eed 3 4 3(m — 2) 
* m-—1 (m — 1y u, a E jp DY (m — ly * (m —1y ri 
2/—2 
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In the present case U=0, and we have 


02U =—Q. F, 
03U = A Q; S35 
ofU = = Qi S 


11. Hence, substituting for Q, and Q, their values, the first and second of the 
equations for the five-pointic contact give 


= 2 (m — 2), 
DH 
0,P=3 , 


and observing that II is a linear function of (X, Y, Z), and consequently that P, 0,P 
denote simply the values which II assumes when (s, y, z), (dx, dy, dz) are respectively 
substituted for (X, Y, Z), we see at once that these two conditions will be satisfied if 


we put 


where A is an arbitrary constant, or, what is the same thing, an arbitrary function of 
(a, y, 2). We have thus the general equation of a conic of four-pointic contact. 


12. The above value of II gives 


P=} 70H + Nal, 


and the third equation of the system of conditions for a five-pointic contact is therefore 


1 [a+ 6323] U — , aU [8 + 90,2] U 
Eg +20 =} m | CoU (C 


which leads to the value of A. 


13. We have in general 


aU =o, bU- H* 

aru =- DO.U- LL qaDH.W, 
Q+ 30,2) U = -= Do.U- CE DH. Y, 
(0, + 60,2,) U = er + Dd +- a = m1) U 
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In the present case U=0, and we have 


a2U = — E 
oU = EU Qs E 
ot U = = Qi ya 


11. Hence, substituting for Q, and Q, their values, the first and second of the 
equations for the five-pointic contact give 


=2 (m — 2), 
DH 
oP =} H’ 


and observing that II is a linear function of (X, Y, Z), and consequently that P, 0,P 
denote simply the values which II assumes when (z, y, 2), (dæ, dy, dz) are respectively 
substituted for (X, Y, Z), we see at once that these two conditions will be satisfied if 
we put 


Hsi DAPA DU 


where A is an arbitrary constant, or, what is the same thing, an arbitrary function of 
(æ, y, 2). We have thus the general equation of a conie of four-pointic contact. 


12. The above value of II gives 


aP=3 0H A OU, 


and the third equation of the system of conditions for a five-pointic contact is therefore 


, [ot +670] U —. ,09U [a2 + 30,3] U 
at aay ee a 


which leads to the value of A. 


13. We have in general 


Um $ UU HS, 


0 - D? U- ur ^1 DH.$ 


m 1 


pde etd ji BE, 


MES 
m—1 m-—1 


(0,9 +30, a) U = 


aH+ pHs D- ics 


1 m— 1 


~ (m=1F : +7 (2 E He) ri 
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the last two of which have not yet been demonstrated. The value of 0,H (which, 
however, is not required for the present purpose) is 


OMe = — 3 (m—3) H® + 40 9, 
m-—1 m-—1 
which also is not yet demonstrated. 
14. Putting U=0, we have 
2 SEM l 2 
1 
3 AL IX 2 
Of U ss (m —1y DHYN 
e: oia. AM M 
(0, + 30,0.) U = 2553 D. 
NT eee TEE ur Un 2) 
(04.63/0)U —— 7 (2,H.-DIH 4 — O- TU Bo) 9 
and substituting, 
1 1 


2 xA ndr 
: ne (m — 1y 


EN k $ à 3(m-2) DH\? 
=$ 77 (20H +DH+—~ O- EE H®)—4(), 


nm 


where the term involving 0,H disappears; the equation may be written 


9s. 3H( Sp 29 (m=?) ) 2 
Gn 1p 4 = 34 (DH Wer a ee 
which I will represent by 
JS : T 
(m — 1)? A = Siar. "SS 4R; > 
the values of R,, R,, R, being 
| ( R,— H, 
| R,=DH, 
3 (m —2 
| R,2D?H- T O- ton - ) He, 
L m—1 m—1 


15. We have R,= H, and it will be shown that 
(m—1yR?--— 9(m—2)P H* 
+ 3 (m -— 2) H US 
PARS on 
(m—1y Ry 2—12(m —2y Hd 
+ 4(m—2) OS 
-— TT 
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where for shortness 


v= (A, B, G, $8, G, HH, 0, H, 0,H y, 
Q — (9, 9, €, $ €, $10. 0, , 0, YH, 


and hence, writing 
9H* VA —3R, (m — 1y R,— 4(m — 1} Ry, 


we have 


93A —2—30H c 4V; 
or replacing Q, V by their values, 
2 Ls sor B, C, F, ©, $359. , % , 0; AE 
9H \+4 (A, 8, G, 8, ©, HYI.H, 0,H, 0,H): : 


and A having this value, the equation of the five-pointic conic is 
DU - ($5 DH+ ADU) DU =0, 


where it will be recollected that the current coordinates are (X, Y, Z), and that D 
denotes X0,+ Yo, + Z0;. 


16. I remark, in passing, that the problem of finding the circle of curvature at 
a given point of a plane curve, is in fact that of determining the conic having with 
the curve at the given point a three-pointic contact, and besides passing through two 
given points. The equation of a conic having an ordinary contact, is 


D*U — IIDU - 0, 
where 


II =aX + bY + cZ, 
and the condition of a three-pointic contact is 
ax + by +cz=2(m — 2). 
Let the coordinates of the two given points be 
(Li, yu a) (Way Yoo 22) 
and let (D?U), &c. be the corresponding values of D*U, &c. then we have 


aX AY oz DU, 
aa, + by, 4- cz, = (50). 
an, + by, + c2, = (Sn). ; 
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and if from the four equations we eliminate a, b, c, we find 
ADU DU, ZADU, -IPU =0 
we ae z , 2(m—2) 


DU 
x ? Nn ? e ? E 


x. ? 2 (or) 
2 » Yo ? 29 DU " 


for the equation of the conie in question; z, y, z being the coordinates of the point 
of contact, and X, Y, Z current coordinates. 


II. Demonstration of Identities assumed in the preceding section. 


Proof of the expressions for (0j -4-30,0,) U and (0,4 + 60,°0,) U: 
17. It will be remembered that 0,, 0, stand originally for 
d 20, 4 d y 9, 4-d zo, 
da 0, + d?y 0, + d?z 0z, 
and that A, B, C being the first derived functions of U, dæ, dy, dz are changed into 
Bv —-Cu, Crx—Av, Ap- B, 
and that the resulting value of 0,, viz. 
(Bv — Cy) 0, + (CX — Av) 0, + (Ap — Br) 0z, 
is also represented by D, so that 0,=D. The corresponding values of dæ, d?y, dz are 
dge =vdB —pd?, 
d?y 2 AdC —vdA, 
dz = ud A — AdB, 


where we have 
dA — ada + hdy + gdz, &c., 
in which dz, dy, dz are to be replaced by the values 
Bv— Cy, CxX— Àv, dp- Bu; 
and ô, really denotes what 


dx On + d?y 0, + d?z 0, 


becomes when the above values are substituted for d?z, d?y, d?z. But in the expressions 
02U, 0,0,U &c., the symbols ðs, 0,, 0, contained in 0, and ô, operate only on U, and 
not on the variable quantities A, B, C, &c. contained in ô, and ô». 
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18. If now we treat 0, as an operand, that is, perform the differentiations on the 
variable quantities A, B, C which enter into 0,, we obtain 


0: . 0, = 02, 
or, what is the same thing, operating on 0,U with 0,, the result is 


0,. 0,U =02U +0,U = (0 + 0.) U, 
and in like manner 


0, . 02U = (0; + 20, 0.) U, 

01 . 02U = (0,4 + 30,70.) U. 
It is, in fact, upon these principles that Hesse’s values of OU, OU, &c. were obtained, 
and we may by means of them obtain the other expressions assumed in the preceding 


section. 


19. In fact, starting from Hesse’s equation, 


a0 = m  eU- HW, 


-1 (m—1» 
we have 
(03 + 20,0.) U = E (DH .S?-- H.289D$). 
But we have identically DU —0, D$ — 0, and this equation becomes therefore 
(854.28,) U- —". UD - — _ DH.9i 
> T: m -—1 (m — 1y ER 


this is precisely Hesse's value of 9;U, and thus we have 0,0,U = 0, and therefore 


m 1 
(03+ 30, 02) U- 0? U= mae UD® Do qt. >. 


20. In like manner, starting from the expression of 0;U, we have 


1 
or since DU and DS vanish identically, and the values of D.Dó, D.DH are 
0, +D, 0,H+D°H, we have 


(2,4 + 3020,) U = —]1 (DU. D® + UD. D) — 


ne 


(0,4 + 30, 19) U — — į U OP + D'$) — qe ais @H + DA); 
and if from the double of this equation we subtract Hesse’s equation, 
I 4 > ] SD |3(m-—2) 
Ó U= m ( : ) d NC t . Q2 ( 2 s ig s fta ) 
1 mih wot EN ac (hb DDR Qt mr bk m—1 pu 
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we find the required relation, 


(@ + 60rd») U= — (220 + D+" 11) U 


m—1 
1 f SD  3(m-2) ‘ 
-g (2.H+D H+ Ho) 92 


Proof of the expression for 0,H: 
21. We have 
0,H = ð; H (vdB — pdC) + ò H (MAC — vdB) +0,H (ud A — Ad B), 


where 
dA — ada + hdy + gdz, 


dB = hdg + bdy + fdz, 
dC = gdx + fdy + cdz, 
in which dz, dy, dz are to be replaced by their values: we have therefore 
02.H=0,H{ v[(bC—fB)Xx-- (fA —hC) wt (KB — bA) v] 
~ a [U0— cB) (c 4 — 90) n (gB — fA)1]], 
+ &e., 


where the coefficient of 0,H is 


217 


On? + (gO — cA) p? + (hB — bA) v? + (2fA — gB — hO) uv + (b0 — fB) vd + (cB fO); 


or, since we have 
(m — 1) A — ax + hy + gz, 


(m — 1) B — hz + by + fz, 
(m —1)C =g9x + fy cce, 


the coefficient, omitting the factor zc which will be afterwards restored, is 


Or? 
*[ g(getfy cz) - c(am * hy + gz)] p° 
+[ hha + by + fz)— b (as + hy + gz)] v 


+ [2f (ax + hy + gz) — g (ha + by + fz) — h (ga + fy + ¢2)] uv 


+[ b(gxet+ fy +z) — f (ha + by +fz)] vr 
+[ e fy + cz) —f (gu +fy +cz)] n 
= 0 

+(— Ba + Dy) vw 

+(— Gx + Gz) r’ 

+ (-28« + Gy + Hz) m» 

+(— Get+ Az) vr 

+(— Hu + Ay ) rp, 
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which is equal to 
— (9D? + Bur + Cv? + uv + 26v + 2HAp) x 
+AA + Hu + Gv) (Aw + uy + vz). 
The coefficients of 0,H, 0H, have a similar form; and uniting the three terms, 


observing that z0,H + y0,H -- 20H is equal to 3(m —2) H, and attending to the values 


of ®, D, $, we have, restoring the omitted factor Ld J 


aH--30—-2)ga 4 3g, 
m-—1 m-—1 


Proof of the expressions for (DH)? and D'H: 


22. These are obtained (for the particular case m = 4, which makes but little 
difference) in Mr Salmon's Higher Plane Curves, pp. 88 and 89, and I merely reproduce 
his investigation; we have 


(DHy-( (Bv — Cu) 4,H - (Crd — Av) ,H + (Ap — Br) 0, Hy, 
or, what is the same thing, 
(DH = (X (Cd, — B0) H + (A0; — C0;) H + v (Bd, — A0) H} ; 
and if we consider first the term which contains A?, the coefficient is 
(C0, ss Boz) Hy. 
Now making use of the equations 
(m — 1) A — az 4- hy + gz, 
(m — 1) B — ha + by 4- fz, 
(m—1)€ =ga+fy+ cz, 


<i m (m —1) U =aa? + by? + c? + 2fyz + 2gzæ + 2hay = 0, 
we have 
(m—1y C?=(ga+t fy + cz) — c(aa? + by? + cz? + 2fyz + 292a + 2hay) 
= — Bæ + 252y — Ay’. 
(m — 1y BC = (ha + by + fz) (gx + fy + cz) — f (aa + by? + cz + 2fyz + 2gzu + 2hay) 
= $a? — Gry — Haz + Ayz, 
(m-— 1) B =(ha+ by + fz)? — b (aa? + by? + cz? + 2fyz + 2gz« + 2hay) 
= — Cx 2822 — Az’; 
and hence 


(m—1y((00,— Ba.) H= — (- Ba + 2Hay — Ay’) (0, Hy 
-2(— 82 + Gay + Haz — 9ly2) dH .0,H 
+ (— Ga?+ 2Gaz — 9127) (0, Hy? 
—— #(%, §, CIH, 0, Hy 
+2 x (y0,H + 20, H) (9,H + 90, H) 
— AH + 20, Hy, 
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and 
yo, H -+ 20, H = 3 (m — 2) H — z0, H, 
so that the term is 
— a? (B, §, CoH, 0o, Hy 
+ 2a (3 (m — 2) H — 20,H) ($9, H + 60, H) 
— A (3 (m — 2) H — 20, Hy; 
or, reducing, we have 
(m — 1y (C0, — Boz) H}? 
=— a (A, B, C, F, ©, HIH, ðH, 0, Hy 
+6 (m — 2) Hz (2l0,H + $0,H + 80, H) 
—9(m-—2)p WH? 


23. 'The other terms may be obtained in a similar manner; and it is easy to 
see that, collecting all the terms, the sum will be 


— (Xx + uy + vzy (A, 38, C, F, ©, $00. H, 0, H, 0, Hy 
4-6 (m — 2) H (vw + uy + vz) (90x + Hu + Gr) 094 H + (HA + Bu + Sv) dy H + (GrA+Fu+ 67)90;H] 
— 9 (m — 2 H(A, B, C, F, ©, HY, pw, vy; 
or, attending to the signification of the symbols 3, ®, O, V, we have 
(m —1y (DHy 2 — 9 (n — 2y P 
+3(m—2) HOS 
— VS’. 
24. Next 
DH= ((Bv—Cp)0,+(Cr— Av) dy + (Apu — Bn) 0,)? H, 
or, what is the same thing, 
D? H = (A (C, — Bd.) + p (A0; — C0;) + v (Bo, — Ad,)}? H ; 


and if we attend first to the term which contains A?, the coefficient is 


(C0, — B0; H. 
Now substituting for ©, CB, B? as before, we have 
(m—1yp(00,— Boy H= (—Ba?+2Haxy — Uy) 0H 
+2(—Fa? + Gey + Haz — Ayz) 0,0,H 
+ (— Ga? 42622 — (2? ) 02H 


=g? (3, 8, Cy, ar H 
+ 2x (Ydy + 202) ($90, + Gd.) H 


— A (yd, + 20.) H, 
28—2 
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where it is to be observed that the symbols of differentiation affect H only. We have 


(Ydy + 20; H = (a0, + 0, + 20; H 
— 2 (20, + JO, + 20;) 40, H 
+ (a0, H, 


where H is a homogeneous function of the degree 3m —6; 40,H, since the æ is not 
affected by the differentiation, must be treated as of the degree 3m —7, and («40,)H, 
for the like reason, stands for 270, H ; we have therefore 


(y0,--20,H = (3m — 6) (3n — ) H 
— 2 (8m — T) zð, H 
+ 0°02H. 
In like manner, 
(yoy + 20,) (Hd, + Gd,) H= — (40, + ydy + 20) (Hd, + 80,) H — 20, (Hd, + Go.) H 
= (3m — 7) (£0, + Gd.) H — a0, ($0, + G2,) H ; 
and hence 
(m — 1) (00, — Bo} H = — a? (8, 8, G3joy, 0H 
+ 2a [(3m — T) ($0, + Gd,) H — 29, ($0, + G2,) H] 
— A [(8m — 6) (8m — *) H — 2(8m — T) 40,H + 29H] 
— — (I, 8, ©, S, €, Hye, 0,, PH 
+ 2(3m— 7) x (20, + Ho, + 860) H 
— (3m — 6) (8m —7) WH. 


25. The other terms are formed in a similar manner; and collecting all the terms, 
we have 


(m — 1yD? H — — (38m — 6) (3m — 7) (91, BY, € F, G, HY, p, vp 
+ 2(3m — T) Qc + py + vz) (D. + Hu t+ Gr) dH -- (9X 4- Bu + Fv) 0,H + (X + Fu + Gr) 0T) 
— (ve + uy + vz QU, B, G, F, G, 10,, oy, 0; H, 


or, attending to the signification of the symbols 9, «b, O, Q, this is 


(m — 1yYD'H = — (3m — 6) (8m — 7) HD 
+ (3m — 1) SL 
— O08: 
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Proof of the expressions for (m — 1? R?, (m — 1) R,: 


26. We have 
(m — 1? R? — (m — 1» (DHy 


=— 9 (m -—2»H* 
+3(m—2)HOS 
-WS, . 
(m — 1FR, — (m — 1D? H + (m — 1)$C] — (3m — 6) (m - 1) OH 
—-—12(m-92yHdo 
+ 4(m—2)08 
— QF, 
which are the expressions required. 
Proof of corresponding expressions for (m— 1)Q?, (m — 1yQ,: 


27. We have 
(m — 1)°Q? =(m—1)(DH/) 


= — 9 (m — 2} Hb 
+3(m — 2) HOS 
— VS, 


(n — 1yQ, — (m —1PD?H — (m —1)9(] + (38m — 6) (m — 1) Ho 
=— 6 (m — 2)(m—3) HỌ 
+2(m—3)0S 
— OS’; 
to which I join 
(m — 1PQ,= H. 
28. We have consequently 
(m — 1f (3Q.Q, — Q?) = — 9 (m — 2) (m — 4) H* 
tT 3(m-—4) HUS 
+ (-30H + WY)Sg, 
and 
(m — 1% (3 (m — 2) Q.Q, — 2(m — 3) Qs) = (— 3(m — 2) OH + 2€m — 3) Pas 
which for m= 4 becomes 
729 (3Q.Q, — Q?) = (- 80H + V). 

29. In the case m=4, we have Hesse's theorem, that the equation 3Q.Q,— Q, — 0 
gives a curve of the 14th order, which passes through the points of contact of the 
double tangents, viz. substituting for Q, W their values, the equation of this curve is 

= 3H (A, %, G, 8, ($, $00; , Oy ? 0; H 
+ (A, 9, © 8, 6, $10,H, 0,H, Hf —0. 
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I have added these remarks for the sake of pointing out the striking resemblance of 
the expressions which occur in the double-tangent problem for m=4, and in the present 
theory of the five-pointic conic for any value whatever of m. It has not hitherto been 
shown what the expressions 3 (m — 2) Q.Q, — 2 (m —3) Q? and —3(m —2) OH + 2(m —3) V 
respectively denote, except in the particular case m= 4. 


III. Application of the Formule to the Cubic. 


30. I shall apply the formula for the five-pointic conic to a cubic; to avoid 
confusion as to a numerical factor, I write U’, H' in the place of U, H, so that we have 


1 Din B, C, F, G 900, ,0, ,0GYH.H 
— 9H^ | 1 A(9L, B, C, S, ©, HIH’, 0,H', 0,H^y P 
and then the equation of the five-pointie conic is 


1 


DH + ADU’) DU aci 


DU -3 ( 
I take as the equation of the cubic, 


U =æ +y ++ 6layz=0; 


the formulæ Table No. 70 of my Third Memoir on Quantics, Phil. Trans., vol. CXLVI. 
(1856), pp. 627—647, [144], putting H for HU, give 


H = (æ + y? +2) — (1 + 25) eyz. 
Hence writing 
U' = 4 (æ + y? + 2+ 6lzyz), 


the first derived functions are 
(æ+ 2lyz) (8 +2lzæ), $2 + 2lay); 


the second derived functions, or (a, b, c, f, g, h), are (x, y, z, lx, ly, lz), whence H’=— H; 
the inverse coefficients (M, B, G, F, G, H) are 


(yz — bæ, zæ — ly, ay — le, Pyz— la, Pew — ly, Pay — 02); 
and putting U’=4U and H =- H, we have 
1 aes 88, G, $$, €, Hie, ,0, , 4,H.H 
— OH V. L AQ, B, 6, 8, ©, HIH, 0,H, 0,H: \ 
and the equation of the five-pointic conic is 


dd 
"A 


? 


A= 


Du -( DH + ADU) DU =0. 


www.rcin.org.pl 


261] CONTACT AT ANY POINT OF A PLANE CURVE. 223 


31. We have 
QI, B, C, F, G, Hz, dy, 02H 

=  (yz—lUs).6Px 
+ (zæ -— Dy ).6Py 
+ (ay—P2 ).6Pz 
+ 2(Pyz — la*).—(1 + 2) a 
+ 2(Pzz — ly). — (1 + 20) y 
+ 2(Pay — 12).— (1 + 2?) z, 

which is 


18Payz — 6l*(a? + y? + 2°) 

— 6P*(1 + 20) ayz + 21(1 + 20) (à? + y? + 2), 
(12? — 12/5) zyz + (21 — 209) (a8 + Y + 2), 
2(L— (£ + y? + 2 + 6layz), 


or we have 


(A, B, €, & €, Haz, a, ZPH — — 28. U, 


where S is the qutd (see the Table No. 70). For the present purpose U — 0, 
and consequently 


(A, $8, CÇ, $8. G, H dz, 0j, 0» H = 0. 
32. Next, 
(H, 3, G, $8. ©, H¥0,H, 0,H, 0,H) 
= —(yz—Ua?)[3P2? — (1 +20) yz] 
+ (zc — Py?) [BPy? — (1 + 27) zz 
+ (vy — P2)[3P92 — (1 + 27) xy] 
+2(Pyz — la?) [3Py? — (1 + 279) za] [BL — (1 + 22) ay] 
t 2(Pzo — ly?) [BP2? — (1 + 20) xy] [BPa? — (1 + 209) yz] 
+2 (Pay — L2?) [3Pa? — (1 + 20) yz] [3y — (1 + 20°) za], 
the first three lines of which are 
Olt wyz (a? + y* +28) — 18P (1 + 209) aye? + (1 + 20) (iz + 28a? + ay?) 
— 918 (a* +y° + 2) + 6U (1 + 20) xyz (a? +y? + 2) — BP (1 + 2Dymtyz; 
or collecting and reducing, 
(— 91° ery +e") 
+(1+4P+ Ab ) (PP + zia? + ay?) 
+( 1544+127 )(?ó +y +2 gyz 
+ (— 210? — 48/5 — 1215) xy*2?; 
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the second three lines are 
1816 (yz? + za? + ay’) — 1214 (1 + 20°) zyz (à? + - 2) + GP (1 + 2Pyayz 
— bAla*yz? + 190 (1 + 20) (y2 + za + y) — 2L (1 + 2Pyvyz (a + y’ t 2); 
or collecting and reducing, 
(125 + 42/° ) (PE + zia? + xy’) 

+ (— 21 — 2014 — 327) \(@ +y +2° ) xyz 

+ (62 — 3005 + 2418) a*y?z?. 
Hence in tne first part replacing the top line by 

— 918 (a? + 4? + 2°)? + 1818 (925 + a + ay’), 
and uniting the two parts, we find 

(A, B, ©,  G, $10,H, 0yH, 0HY 
= (1 + SPP? (4°28 + za? + ay’) 

+ (— 90 eat?) ary 

+(-21-—54-20" )(@ +y +2 ) ayz 

+(— 152 — 780 + 120) az; 
and referring to the Table No. 70, and writing © for GU, we have 

(A, B, G, Y, G, $09,H, 9, H, 0,H y E O, 
where ® is the first of the three functions which“ may be chosen to represent the 
octicovariant of the cubic. 
33. We have thus 
© 
A = 4 H: ? 

and thence 


DU- (ig DH- p DU) DU=0 


as the equation of the five-pointie conic: the investigation has been conducted by 
means of the canonical form of the equation of the cubic, but the form of the result 
shows that it applies to the equation of the cubic in any form whatever. 


34. If, however, we continue to represent the cubic by the canonical equation 
e+ 4? + 2 + 6layz = 0, 
the result may be further reduced. We have, putting U = 0, or writing à? + y? + 2° = — 6layz, 
H =-— (1 +89) syz; 
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moreover, putting U=0, the Table No. 70 gives 

© — (1 + 8Py (P + 232? + ay’) — 3PH; 
or substituting for H the last-mentioned value, and putting for shortness 

Q = YPE + 22 + aby? —3P2z2y2, 

0 =(1+ Sl? Q; 


we have 


and with these values of H and Q, the equation of the five-pointic conic is 


1 Q 
: DU + (Va rg zi, DE — sr orgia DU) DU-0, 
where 


D U —3 {(x + 2lyz) X + (y? + 2lzo) Y + (2 + 2læy) Z} 
DU = 6 {(X? + U YZ) w + (Y? + 212X) y + (42+ WX Y) zj, 
or, as it will be convenient to write it, 
=6(a, y, 2, le, ly, lz$ X, Y, Zy, 
DH = (392? — (1 + 2P) yz) X + (3Py* — (1 + 2P) zæ) Y + (3882 — (1 + 20) ay) Z ; 
whence, finally, the equation of the five-pointie conie of the cubic 
X:+ Y? + 73+ 61XYZ=0 
at the point (x, y, z) is 
9 (1 -- 85) yz (a, y, 2, lo, ly, Iz X, Y, Zy 
t (æ + 21yz) X + (y? + 2lzx) Y + (2 + 2læy) Z} x 
jars [(3Pa? — (1 + 2) yz) X + (8Py* — (1 + 2P) za) Y + (322 — (1 + 20) wy) at 
—-Q[( æ+ 21 yz)X+( y 20 za)VY+( 2+ 2l ay) Z] 


 & result which I had previously obtained by a special method. 


35. But the expression may be exhibited in a different form by a transformation 
suggested by a geometrical theorem of Mr Salmon’s. In fact the tangent at the point 
(æ, y, z) meets the cubic in the tangential of this point, and the coordinates of the 
tangential are 2(y°—z), y(2-—2?) z(x*— y) Calling these £, n, ¢ the equation of 
the tangent to the cubic at the tangential is 


(E+ Qn’) X+ (n° + ee) Y + (E + én) Z = 0. 
Now we have identically, 
Baye (Bla? — (1 + 2) yz) X + (BPy? — (1 + 2P) yz) Y + (3802 — (1 -+ 2P) zo) Z} 
— Q ((a? + 2lyz) X + (y? + 2lza) Y + (2 + 2ley) Z; 
E + 256) X + (y + 2068) Y + (E + 2lEn) Z; 


T U (a? (— y — e -2lyz) X + y (—2 — c + lew) Yt 22 (— 4? — 9? + ley) J}. 
©. IY. 29 
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In fact this relation will be true if only 
3a*y'z (BPa? — (1 + 2P) yz) — Q (a? + Qlyz) — (P + lyf) = Ua? (— 5 — 4 + 2lyz) ; 
and substituting for £, y, ¢ and Q their values, the left-hand side is 
3a?y'z* (BPa? — (1 + 20) yz) 

— (a? + Qlyz) (PE + za? + ay? — 3Pa? yz) 

- e-i} 

— 2lyz (2 — a) (a — y’); 
and expanding and reducing, the result is 

a? (— (y + 2) — a? (yY? + 2°) + Qlyz (— 22? (y? + 2°) + 2°) + 12Paty*e? ; 

whence, dividing by 2%, the equation becomes 


—(y +2) (@+ y? + 2)  2lzyz (a — 2 Qf +2)) + 12Pary?e? 
—(—y — 2+ Qlyz) (a? + y? + 2-4- 6layz), 
which is identically true. 


36. Hence in the identical equation putting U — 0, we see that the equation of 
the five-pointic conie may be written 
9 (1+ 82) zy (v, y, z, læ, ly, lz$ X, Y, ZY 
+ f(a? + 20yz) X + (y + 2lz2) Y + (2 + lay) Z} x 
(E+ ln) X + (n° + 2068) Y + (£* + 2182) Z] 
329! 


where é, n, £ stand for z(y? —2»), y(2 —4?), z (æ —3), the coordinates of the tangential 
of the given point, and which puts in evidence the geometrical theorem above referred 


to, viz. 
THEOREM.—The common chord of the five-pointic conic and the polar conic is the 
tangent to the cubie at the tangential of the given point. 


37. The five-pointic conie meets the cubic in the point of contact, considered as 
five coincident points, and in a remaining sixth point or point of simple intersection. 
The process by which I originally obtained the equation of the five-pointic conic, led 
also to the equation of the line joining the point of contact with the point of simple 
intersection: the equation of this line is 

Xa ((1 + 8P) at + (Ad + 410) yz + (— 2P + 20°) yz) | 
9a?ytz? ++ Yy ((1-- 8P) yt - (41+ 410) yew + (— 2P + 20°) 2a) 
+ Zz ((1+ 8P) 2 + (4l 410) ey + (— 2P + 2D) ey) 
— 6Qa?y'2 (X (3P2? — (1 + 2P) yz) + Y (3Py* — (1 + 2P) zæ) + Z (3P2 — (1 + 20) zy)} 
+ E (X (æ + Qlyz) + Y (y?+ 2lzx) + Z (2 + 2lay)} = 0. 
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38. If the conic meet the cubic in six coincident points, that is, if the point of 
contact be a singular point of the kind already spoken of, or, as we may term it, a 
sextactic point, then the last-mentioned line must coincide with the tangent at the 
point. Represent for a moment the equation of the line by 


AX +BY+0CZ=0, 
then this line is to coincide with the line 


(a? + Qlyz) X + (y? + 2lza) Y + (2 + lay) Z=0, 
or we must have 


B (2 + 2lay)—C (s? + 2lzx) = 0, 
C (a? # 2lyz)— A (2 + 2lzy) = 0, 
A (y? + 2lzæ) — B (a? + 2lyz) = 0, 
which must be equivalent to a single condition. The terms A, B, C, which contain 
a + 2lyz, y*--2lze, 2 --2lzy 


respectively, may, it is clear, be omitted, and omitting also a factor Sa*y'e?, we may 
write 
A = 3a*yz ((1 + 8P) at + (4l + 417) a*yz + (— 2P + 21°) y!) — 2Q (3Pa? — (1 + 20°) yz), 
B —3«y'z (1 + 8P) yt + (Al + 410) yew + (— 20+ 215) 244?) — 2Q (3Py* — (1 + 20) zæ), 
and the like value for C. The last of the three equations is 
pour 2122) (1 + 8P) a? + (41 + 4105) ayz + (— 2P + 20) yz?) 
d (æ+ 21yz) (1 + 89) y + (AL + 410) yee + (— 22 + 21°) yz?) 
-2Q[( (y+ 2lza) (30a? — (1 + 21°) yz) — (æ + 21y2) (8Py? — (1 + 209) 2x); 
= 0, 


Bayz 


where the function on the left hand is 
( (1 + SP) (ay? — ay + 2L (a*z — y°2)) \ 
= Bayz ib (4l + 4104) 2L (a*yz — az?) | 
+ (— 22 + 2) (æy  —a*yz) 
— 2Q {(1 + 20) (yz — a?2) + 62 (a?z — y*z)}, 
or, what is the same thing, throwing out the factor z, it is 
= (3 (1 + 82) ay? + 61 (1+ 82) xyz (à? + y?) + 307 (1 + 8D) yz!) (a — y?) 
—2Q (1 + 8b) (à — 3°) ; 
or throwing out the factor (1+ 8/7) and substituting for Q its value, it is 


= (Suy? + Clayz (a? + 9) + S0Pa?ytz? — 2 (yz + za? + ay? — 30a*y%2*)} (a? — y). 
29—2 
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The first factor, reducing by the equation z+ 4y?+ 2 + 6lxyz — 0, is 
= 3a? — (E + y?) (P+ yt 2) (2? ry x zy — 22 + 2a + ay’), 
= ZPY + 2 (a? + y+ 2) — 2 (2 + za? ay), 
= z5—2 (a? +y) + ay, 
= (e-—«4)(2-95). 
39. Hence putting for the moment 
M = (y — 2°) (2 — 2°) (a — 3), 
it appears that the last of the three equations is Mz=0; the first and second are of 
course Mz=0 and My=0, and the required condition is M=0, that is, 
(y? — 2*) (2 — a) (a — y)- 0, 
the equation which, combined with the equation of the curve 
e+ y+ 2+ 6layz = 0, 


gives the sextactic points. There are consequently twenty-seven such points, and it is 
at once seen that these are the points of contact of the tangents to the cubic from 
the points of inflexion, or, what is the same thing, that the twenty-seven sextactic 
points form nine groups of three each, such that the three points of a group have 
for their common tangential one of the nine points of inflexion. In fact, let e be a 
cube root (real or imaginary) of unity, the three sextactic points of one of the groups 
will be given by 

( æ — wy =0, 

| a +o + 28 + Clays =0. 


Now consider the tangential of any one of these points, its coordinates are 


a = x(y*?— 2), 
y= y (2* — x), 
a =z (a? — x); 


or, reducing by the equation æ — wy —0; x, — ey (à? — 2), y — — y (à? — 2), z, 20, or, what 
is the same thing, x, +@y,=0, z,—0; that is, the point (zm, y, %) is one of the 
points of inflexion. This is the construction of the sextactic points obtained by 
Plücker and Steiner. 


40. Reverting to the equation of the line joining the point of contact of the five- 
pointie conie with the point of simple intersection, this meets the cubic in a third 
point, and Mr Salmon has shown that this third point is in fact the second tangential 
(tangential of the tangential) of the point of contact, or, what is the same thing: 


THEOREM. The point of simple intersection of the cubic and the five-pointie conic 
is the third point of intersection with the cubic, of the line joining the point of 
contact with the second tangential of this point. 
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41. I have not sought to verify this theorem by my formule. I remark, that 
combining it with the before-mentioned theorem, the five-pointic conie is completely 
determined as follows; viz. 

THEOREM. The five-pointic conie touches the conic at the point of contact (two 
conditions); it passes through the two points in which the polar conie is intersected 
by the tangent to the cubic at the tangential of the point of contact (two conditions); 
and it passes through the point which is the third point of intersection with the 
cubic of the line joining the point of contact with its second tangential. 


42. The construction for the point of simple intersection leads at once to that 
for the sextactic points; in fact, consider a point having for its tangential a point 
of inflexion: a point of inflexion is its own tangential, and the second tangential of 
the first-mentioned point is therefore the point of inflexion: the line joining the point 
with the second tangent is therefore the tangent at the point, and the point 
of simple intersection coincides with the point itself, that is, the point in question is 
a sextactic point. 


43. I represent the equation of the five-pointie conie by 


(a, b, c, f, g, ^X, Y, ZP=0 
the value of a is 
— 9 (1 + 8L) rty’ 
 3a?yz: (BPa? — (1 + 2P) yz) (4? + 2lyz) 
— Q (2? + 2lyzy, 
in which equation 
Q =s y + 2338 T ay! = 3Pa?yhz ; 
or, reducing by the equation a +y?+2 + 6lxyz = 0, 
Q=Y2 + & (— 2 — 6layz) — 3Pa2y*2’, 
that is, 
— Q = a^ + 6la*yz + 3Pa?yiz — yi, 
and we have 
| a = 9 (1 + 89) atysz* 
+ 3a?y*z (BPa + (—1 + 4P) xyz — 2L (1 + 20) yz) 
+ (a5 + Glatyz + 3Pa?yz? — y*z?) (at + 4al?yz + AUy?2). 
We have in like manner 
2f — 18 (1 + 8P) la*y*z 
+ 3a*y'2 (3Py* — (1 + 22) za) (Z + 2lay) + (38082 — (1 + 20) ay) (y? + 212a) 
— 2Q (Y + fe (2 + 2ley) ; 


the coefficient of 3a°y*z? in the second line is 

= 6Pyz + (— 1 + 4D) x (y 2) — 4d (1 + 20°) ayz ; 
or reducing by the equation of the curve, 

= (1 — 4) a + (21 — 3219) yz + 62 ye? ; 
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and the coefficient of — 2Q is 
= yz + 2le (y + 2°) + APyz ; 
or reducing by the equation of the curve, 


= — Qlat — SPa*yz + y. 
We thus have 


2f = 181 (1 + 81%) aty%z* 
+ 32*yt2 ((1 — 4P) at + (20 — 321) xyz + 6ly*2*) 
+ 2 (a + Glatyz + 3la*y?2? — vta?) (— Qlat — 8Pa?*yz + yz). 
Reducing the expressions of a and 2f, we find for the coefficients (a, b, c, f, g, h), 


a= #9+410la8yz + 40Pa*y*z* + (5 + 129019) tyz — 10la*ytz4 — 4025, 
| 2f =— Ala?" — A0Pa*yz + (5 — 12009) ay? + 40latyse® + Sata — 225, 


which gives the completely developed form of the equation of the five-pointie conic. 


44. I investigate the coordinates of the point of simple intersection of the cubic 
and the five-pointic conic as follows: the equations of the two curves are 


X34 Y+ 724+ 61X YZ =0, 
(a,-b, c, f, g, hYX, Y, ZP=0; 
or if we write 
& = n A zT 
y —6LX Y, B -2(gX + fY), 
6 =X + Y? O —aX? + 2hXY + bY? 


then the two equations are 
aZ? +yZ +ò =0, 


AZ: -- BZ 4- C =0, 
and the result of the elimination of Z will be 
(aZ? + yZ,+ 8) (aZ? + yZ, + 8) = 0, 
where Z,, Z, are the roots of the equation AZ?+BZ+C=0; that is, we have 
e oT 
+ay C(BP: —2AC€) 
+ a6 (— B? + 24A BC) | 
+y CA? +=0; 
— yò BA? 
4-06 A’ 
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and substituting for 4, B, C their values, but attending only to the terms which 
involve Xë and Y*, the result is 


(a? + c? — 8g? + 6acg) X* + ... - (P +c — 8f? + 6bcf£) Y* — 0. 


45. But the result of the elimination must obviously be 


(Xy — Yay (Xy, — Yo) - 0, 


if (4, y, 4) are the coordinates of the point of simple intersection. Comparing the 
two results, and forming the analogous third equation, we may write 


xa, =b + e — 8f? + 6bcf, 

yy, = e + a’ — 8g? + 6cag, 

Z2, = a? + b? — 8h? + 6abh, 
where the value of az, may also be written (b+ c — 2f) (b+cw — 2w’f) (b+ co? — 2wf), 
w being an imaginary cube root of unity, and so for the other two terms. The 
factors of wa, might be calculated from the identical equation / 

bY? + 2fYZ+ c= 9 (1 + 8D) æy (y Y? + zZ? + 2leYZ) 
+ {(y? + 2lzx) Y + (2 + 2læy) Z} x 
| 3a^y'z [(3Py* — (1 + 29) ze) Y + (802 — (1 + 29) ay) Z] \ 
— Q [(y? + Qlzx) Y + (2 + lay) Z] 
I remark, that putting s= 0, we have 
bY? + 2fYZ + c= — 2 (y Y +22), 
and hence writing 1 for Y, and — 1, — œ, — o? for Z, we have 
b--c— 2f — — yz (y? — zy, b+ co — 2o?f = — ya? (y? — wiz"), b+ co? — 2wf = — 2 (y? — wey; 


and hence the product of the three factors is — y*z (y? — 2} (y? — ez? (y? — e*z?y, which 
is equal to —y2°(y?—2)?(y?+ 2°), which vanishes in virtue of the assumed question 
4-—0.. This shows that the function b+ cè — 8f?--6bcf contains the factor æ. I have 
not verified à posteriori, but I assume it to be true, that it contains in fact the 
factor «6, and consequently that the expressions for a, yı, z, are rational and integral 
functions of (a, y, z) of the degree 25, and containing respectively the factors a, y, z. 


46. In the theory of the cubic, a point which depends linearly upon a given 
point may be termed a derivative of such point. According to a very beautiful 
theorem of Professor Sylvester's, the coordinates of a derivative point are necessarily 
rational and integral functions of a square degree of the coordinates (vw, y, z) of the 
given point; and moreover, there is but one derivative point having its coordinates 
of any given square degree m°’, or, as we may express it, only one derivative point of 
the degree m’. The successive tangentials are derivative points of the degrees 
4, 16, 64, &c.; the third point of intersection with the cubic, of the line joining two 
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derivative points of the degrees m? and n? respectively, is a derivative point of the 
degree (m n). Thus the third point of intersection with the cubic, of the line 
joining the given point with its second tangential is a derivative point of the degree 
(41), and it is easy to see that the degree is not 9; it is therefore 25. The 
point of simple intersection of the five-pointic conic is a derivative point of the 
degree 25; it is therefore, according to Professor Sylvester’s general theory, identical 
with the point given by the former construction; this agrees with the before- 
mentioned theorem of Mr Salmon. 


IV. Independent investigation for the Cubic. 


47. The following is, in substance, the method by which I first obtained the 
equation of the five-pointic conic, for the cubic 
X:+ V24+ 77+ 6X YZ=0. 
Write for shortness 
U =æ Ty 42 4+ 6layz, 
V = (æ+ 2lyz) X + (3? + lz) Y + (2+ 2lsy) Z, 
W — (X? + 91YZ)a 4-(Y* - 20XZ) y - (Z: + 21X Y)2, 
T -X-Y:LZ-60XYZ, 
P =ar+by+cz, 
II =aX +bY+cZ; 
then, X, Y, Z being current coordinates, and æ, y, z the coordinates of a point of 
the cubic (so that U=0), the equation of the cubic will be 
T=0, 
and the equation of a conic having with it an ordinary (two-pointic) contact at the 
point (v, y, z), will be(?) 
2 — nV — Q. 


48. Now imagine from the point of contact lines drawn to the other four 
intersections of the two curves; in the case of the five-pointic conic, three of these 
lines will coincide with the tangent V —0, and the remaining line will be the line 
joining the point of contact with the point of simple intersection. The equations of 
the lines in question can be found by Joachimsthals theorem, viz. if (z, y, z) be the 
coordinates of a given point, and (X, Y, Z) current coordinates, then if in the equations 
of any two curves we substitute for the coordinates, Ac -- LX, Ay +uY, ^z + pZ, and 
between the equations so obtained eliminate A, u, the resulting equation will be that 


1 I have introduced the factor 2, to make this correspond with the form D?U -ILDU —0, in the case in 
question, m=3. 
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of the lines drawn from the point (a, y, z) to the points of intersection of the two 
curves. The point (æ, y, z) is any point whatever, and it may therefore be a point 
of intersection, or, as in the present instance, a point of contact of the two curves; 
the only difference is, that in either case the degree of each equation as regards 
(A, 4) is reduced by unity, and the degree of the resulting equation in X, Y, Z is 
also reduced by unity: in the case of a point of simple intersection this is the only 
reduction; but in the case of a point of contact, the resulting equation contains the 
equation of the tangent as a factor, and rejecting this factor, the reduction in degree 
is two units. 


49. Applying the method to the two equations, T=0, 2W —IIV —0, and sub- 
stituting therein for the original current coordinates X, Y, Z the values às + LX, 
Ay t- uU Y, Nz + pZ, the equations become 

XU + 3X4 V + 3A? W + wT — 0, 
2 Q2U + 2AuV + wWW)-(AP + pill) (XU + pV) =0; 
or writing U=0, and omitting from each equation the factor u, the equations become 
M.38V+AH.3W+ wT ` =0, 
A (4 — P) V -- , (2W — IIV) 20; 


and putting in the first equation X4—2W-—IIV, w=—(4—P)V, the result of the 
elimination contains the factor V, rejecting which it becomes 


3(2W— IIVy — 3(4 — P(2W — IV) W 4- (4 — Py VT — 0, 


whieh is of the fourth degree in (X, Y, Z), as it should be, and represents therefore 
the lines drawn from the point of contact to the other four points of intersection of 
the conic and cubic. 


50. The equation may be written 
—3(2W —IIV) (2 —P) W--HV)-- (4 — PP VY 0, 


and we obtain at once the condition that this may contain the factor V, viz. this con- 
dition is 

dis 
and if this be satisfied the conie will have a three-pointie conie, and there will be 


three other points of intersection. And writing P=2, and throwing out the factor V, 


we find 
3IPV — 6I W +4T=0 


for the equation of the lines from the point of contact to the three points of inter- 
section. And we have now to determine II so that the function on the left hand 
may divide by V”. 

€, IV. 30 
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51. I simplify my original method by the use of a theorem of Mr Salmon’s, viz. 
writing 


PB(X*-Y*-2)-(1-2P) XYZ , 
(82X:f— (172p) YZ jet... , 

32a? — (1 + 2D) yz PENS 
= Pa +y + 2) — (1+ 20) xyz i 


T =X:+ Y?+2°+ 6X YZ, H 
W=(X°?4+21YZ)a+.. E Dy 
V=(#@+2lyz2 )X+.. , H, 
U =æ +e + bley o, H 


we have identically 1 
TH — UH = WH, — V$, 


and in the present case, since U — 0, 
TH = WH, Vý 
Hence, multiplying by H and substituting this value of TH, the equation becomes 
3HIPV — 6HI W -4WH, — 4V$, —0, 


or, as we may write it, 


V (3HII? — 4$) - 2W (2H, -3HII) =0; 


and we can at once make the equation divide by V, viz. by assuming 
H, 
II mi i -H e $A y, 


where A is arbitrary: we have thus a four-pointic contact. And substituting for II, 
and throwing out the factor V, the equation becomes 


JI SAV) - 46, e2W HA) 0; 


or reducing, 
16 (H? — 3H$) — 36A W + 24HHAV -- 9H? A? V? — 0, 


which is the equation of the lines drawn from the point of contact to the remaining 
two points of intersection. 


52. I write for greater convenience 


A=— a 


Ac. 
9 He ? 
O being as yet indeterminate; the equation is thus reduced to 
9H* {H (H? —3H$) - OW} — 6H H,9V + e*y* - 0, 


and we have then to determine © so that the left-hand side may divide by V; or, 
what is the same thing, we must determine © so that 


H (He -3H$)) À-8W 
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may divide by V. This implies the existence of an identical equation, 
H (H? —3H§,)+ OW = MU + NY, 


which for U=0 would give the decomposition in question; but I have not investi- 
gated the values of M and N. I assume at the outset U —0, and putting as before 
Q= PE + za? + ay? — Bayz, 
and writing also i 
S= Xa[(1+ 8D) a + (41 + 4109) yz + (— 22 + 20) y2] 
+ Yy [(1 + 82) yt + (40 + 4109) ex + (— 20? + 215) 222] 
+ Zz [(1 + 8P) + (4l + 4109) æy + (— 21? + 2D) a*y*], 
I remark that for U=0 we have 
— vyzH? + VS +(1+ 80) (QW — 3242H) = 0, 
an equation which, observing that 


H = — (1 + 8P) xyz, 
and assuming also 
0-2 (1+8FPFQ, 


may be written 
H (He -3H$) 4- OW — — (1 + 8») VS, 


which gives the required decomposition, viz, @ having this value, the conie will 
have a five-pointic contact. Reducing by the last equation, and throwing out the 
factor V, we find 

— 9H* (1+ 8/*) V — 6H*0H, +V —0 


for the equation of the line joining the point of contact with the point of simple 
intersection. And if in this equation we write H =-— (1 + 8I») syz, and © =(1+ 8» Q, 
we obtain, finally, for the equation of the line in question, 

9a 28S — bay QH, + QV — 0, 


which is the before-mentioned result. 


53. It only remains to verify the assumed equation 


— ayzH? + VS + (14- 8b) (QW — 32y H) = 0. 
We may write 
— Q = æ + 6la*yz + 3Pa*yz — ys, 


aud then observing that 
W= «aX*+..+ 2lzYZ .., 


H= 3X? -..— (1-29) zYZ-.., 
30—2 
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we find at once 
(1 + 85) (QW — 3242H) = 
(a? + 6la^yz + 12Pa?yz. — yz») X? 


— (1 +81) 4 + (21a st 19P25yz = Bay?" — Qlay*z*) YZ 


Next writing 

H, = (302? — (1 + 25) yz) X+.., 

V -(a42lyz) X +.. 

S =a {(1+ 85) at + (41 + 410) ayz + (— 2P + 2D) yz) X 4.., 
and forming the expression for 

—ayzHy? + VS, 

the coefficient of X? is 

— gyz (3P2? — (1 + 21°) yz}? 

+ (a? + Qlyz) æ ((1 + SP) at + (4l + 4109) yz + (— 20? + 20°) 23], 
which is 

= (1 + 805) (a? + 6laryz + 12P45y? 2 — vy?z); 

the coefficient of YZ is 

— 2«yz (Bly? — (1 + 2/9) zx) (302 — (1+ 2I) ay) 

+ (y? + 2122) z {(1 + 8I) A+ (40 + 4119) zy + (— 2P + 20) ay.) 

+ (2 + Qlay)y ((1 + 89) yt + (41 + 4109) yew + (— 22 + 209) 2y’), 
which is 

= (14 8P) {42 (y+ 2°) + 8lay%2* + 19Pa?yz (y? + 27) + 2l (y + 2°) — 2492) 5 


or substituting for y°+2 and y*--z* the values —4?— 6lzyz and (a+ 6layz) — 2y%2* 


respectively, this is 
= (1 + 8D) (212? + 12P25yz — 3a?y*z? — ley’). 


We have thus 
—-ayzHy? + VS 
( (a? + 6la*yz + 12Pa?yz — az) X? 


=(1+ 8P)4 | (ola? + 19pufyz — Baty — Ulay’) YZ 


and the equation 
— eyzHy + VS + (1-- 82) (QW —32y2$,) = 0 
is thus verified. 
ADDITION.—The foregoing memoir was communicated to Mr Salmon, and I am 
indebted to him for two notes, containing the extension to a curve of any order, of 


the preceding investigation for the case of a cubic; I reproduce this extension in the 
following section. 
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V. Extension of the last preceding method to a curve of amy order. 


54. Consider the curve of the m-th order T —0, and in the place of the 
coordinates write As + pX, Xy +uY, Az + uZ, where, as before, (a, y, 2) are the coordi- 
nates of the point of the curve, and X, Y, Z current coordinates; the term involving 
A^" vanishes, and dividing out the factor u the equation becomes 


x" DU + 9x" DU + 3x" DU + AX" DU + &c. = 0. 


Making the like substitution in D?U-—IIDU —0, the assumed equation of the five- 
pointie conic, the factor w divides out and the equation becomes 


2X (m — 1) DU + uDU — (XP + pI) DU — 0, 
or, what is the same thing, 
ADU (2 (m —1)— P) +u (D*U - I1DU) —-0; 
and if from the two equations we eliminate A, u, the result, throwing out the factor 


DU, is 
(D*U — ILDUy*? — $ (2 (m —1) - P) DU (DU — IIDUy*? + &e. — 0, 


where all the terms after the second contain the factor DU; the condition in order 
that the equation may divide by DU, is consequently 2(m —1)— P —2, or P — 2 (m — 2), 
the condition of a three-pointie contact. Substituting this value, and dividing by DU, 
the equation becomes 


-TI (DU — ILDU y" 4 2D°U (DU — TM DU y= — 1 DU. DU (DU — WDU)"-+ + &c, = 0, 


which will be divisible by DU if —ILD'U + 2DU is divisible by DU, and the condition 
for this is found to be, as before, 
1 


H-$g 


DH + ADU, 
where A is arbitrary; we have thus the conditions of a four-pointic contact. 


55. Substituting this value of II, we see that D*U - 4 DH .D?U divides by DU, 


viz. there exists an identical equation, 


DU — 1 DH.IPU-IU-J.DU; 
and hence if U — 0, 


1 1 A SANE 
py (DU-g DH.D U)=J, 


where J is a quadric function of (X, Y, Z) I do not know the general form of 
this function, but Mr Salmon has obtained a result which may be generalized as 
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follows, viz. writing for X, Y, Z the values Bv — Cu, CX— Av, Ay —BX (where, as 
before, A, B, C are the first derived functions of U and X, mw, v are arbitrary), the 
expression for J is 


1 
"T Bn 


(rv - ; DH. DU) D $-— G—DH Ds; 
a formula which will be presently useful. 
56. The foregoing equation may be written 
(D: Uy (— TLD?U + $D*U) 
+ (D2Uy" DU ((m — 2) IBD*U — $ (m — 3) ILD*U — 4D*UJ + &e. (DU)... 20; 
and the term — ILD*U + $D°U is equal to 


3 (DU — DH. PU) - ADU. DU, -4JDU — ADU. Dv. 


Substituting this value the equation divides by DU, and throwing out this factor it 
becomes 


(Uy 4J — ADU) 
+ Q2 Uy" (m — 2) DU — 3 (m — 3) IDU — 4DU} + &e. DU —0; 

or observing that 21LD*U — IP.D*U + term containing DU, this may be written 

(DUY (3J — ADU) + (DU) (IEDU — 4D*U) + &c. DU — 0. 

57. If the equation divides by DU we shall have a five-pointie contact; the 
condition for this is that 
— A (DU) -3JD*U + IEDU — 4 DU 

may divide by DU, or more simply that 


— A (Uy +3JDU + $ (ü DH) DU -4DU 


may divide by DU, or, what is the same thing, the function in question must vanish 
in virtue of the substitution of the values Bv— Cp, CX — Av, Ap — BX in the place of 
X, Y, Z. The expression for J has just been given; we have besides 
1 2 (m—I1),, 
(g DH) = pO, DU-- Qx, 


where the values of Q,2, Q, are given (ante, No. 27); we have thus 


? 1 1 AC EE P UE ERA 
5& pp(DU-gDH.DU]- 7 9-c go 


l pH) asm- ppa Da 4 1 le 
+ (37 DH) Pein ti "7001 2 n tii m 
of 2(m-2)(m—3) (m—3) Aq _ Sine 
gated abe \- ^ (m—1y eHYp s ias ea : 
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and 
1 2 
whence 
1 2Q4 — 
1l a (3(m — 2) 1 
"Pto a SIN CSI VA. owes | 
1 2 —4(m— 2) yp (m — 2) 1 į 
Cholm DFP eee TÉ E DH ga- Toan ip gm 9 | 
a| 2(m—2)(m—3) (m — 3) 1 ` 
V EET PE +a taa) 


1 
= oq iy H CY- 30H), 


and consequently 


A= th (4 — 30), 


which agrees with the result before obtained, and thus the present method gives the 
complete solution of the problem. 
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